Code Appendix
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# HAAAARRARRRRRRRAAARAAA ARG Libraries HARAHAAR AR RRRRRAAAHHRAA A AR
B o

## General
library(tidyverse)
library(kableExtra)
library(latex2exp)
library(scales)

## Methods
library(nloptr)

B e

# RERHAAAARARRR AR AAAA Direct Discrimination Example HARBARHARAABARHARAHARS
# At ttt bttt ottt bt bttt bttt tt bttt ttttttttttttttttttttttttttttttttttttttttttttttttt

set.seed(74)

## Generating Biased Data
generate_data <- function(n, d_effect){

# E[X] = a_z
ax =20
X <- rnorm(n, a_x, 1)

# P(AIX)
b 0 = 0.5
bx =0.5

p_Al <- exp(b_0 + b_x*X)/(1 + exp(b_0 + b_x*X))
A <- rbinom(n, size=1, prob=p_A1l)

# P(M/A,X)
c_0=0.5
cx =1

c_,a=0.5

p_M1 <- exp(c_0 + c_x*X + c_a*xA)/(1 + exp(c_0 + c_x*X + c_axA))
M <- rbinom(n, size=1, prob=p_M1)

# P(Y[A,M,X)

do=1
dx =1
d_a = d_effect # direct discrimination effect

dm-=1
eps <- rnorm(m, 0, 1)
Y <- d_0 + d_x*xX + d_a*xA + d_m*M + eps

# Data

dat = data.frame(1, X, A, M, Y)
colnames(dat) = c("(Intercept)", "X", "A", "M", "Y")
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# Coefficients
beta = c(b_0, b_x,
c 0, c_x, c_a,
d_0, d_x, d_a, d_m)
names (beta) = c("A_0", "A_X",
"M_O", "M X", "M_A",
"y 0", "Y X", "Y_A", "Y M")

return(list(data=dat,
beta=beta))
+

## Data Processing (Interventions)
process_data <- function(dat, a, m){

dat$A = a
dat$M = m
return(dat)

3

## Objective Function
neg_log_lik <- function(beta, data){

# add names
names (beta) = c("A_0", "A X",
|IM Oll, IIM Xll IIM All’
|IY_OII, llY_Xll, IIY_AII, I|Y Mll)

# estimators

exp_A = exp(beta["A_0"]+data$X*beta["A_X"])

exp_M = exp(beta["M_0"]+data$X*beta["M_X"]+data$Axbeta["M_A"])

A_hat = exp_A/(l+exp_A) # f(X)

M_hat = exp_M/(l+exp_M) # f(X, 4A)

Y_hat = beta["Y_0"]+data$X*betal["VY_X"]+data$A*betal["Y_A"]l+data$M*betal["Y_M"]1 # f(X, 4, M)

# denstities

p_A = data$A*A_hat + (1-data$A)*(1-A_hat) # Bernoulli PMF
p_M = data$M*M_hat + (1-data$M)*(1-M_hat) # Bernoulli PMF
p_Y = dnorm(data$Y, Y_hat, 1) # Normal PDF

# objective function F (negative log-likelihood)
nll = -sum(log(p_A) + log(p_M) + log(p_Y) + log(1l/nrow(data))) # include pz??

return(nll)

3

## PSE Computation (NDE)
compute_NDE <- function(beta, data){

# add names

names (beta) = c("A_0", "A X",
||M_O|l , llM_XH s ||M_A|I ,

22



HY_OII s IIY_XH s IIY_AII s ”Y_M")

# all combinations of a={0, 1}, m={0, 1}
data_aOm0 = process_data(data, a=0, m=0)
data_aOml = process_data(data, a=0, m=1)
data_alm0 = process_data(data, a=1, m=0)
data_alml = process_data(data, a=1, m=1)

# all combinations of a={0, 1}, m=m
data_aOmm = process_data(data, a=0, m=data$M)
data_almm = process_data(data, a=1, m=data$M)

# P(M|A,X)

p_mla0 = exp(beta["M_0"]+data_aOmm$X*beta["M_X"]+data_aOmm$A*beta["M_A"])
p_mla0 = p_mla0/(1+p_mlal)

p_mOa0 = 1-p_mla0

p_mlal = exp(beta["M_0"]+data_almm$X+beta["M_X"]+data_almm$A*betal["M_A"])
p_mlal = p_mlal/(1+p_mlal)

p_mOal = 1-p_mlal

# P(YIM,A,X)

y_a0m0 = betal["Y_0"]+data_aOmO$X*beta["Y_X"]+data_aOmO$Axbetal["VY_A"]+
data_aOmO$M*beta["V_M"]

y_alm0 = beta["Y_0"]+data_alm0$X*betal["V_X"]+data_almO$Axbeta["Y_A"]+
data_almO$M*beta["Y M"]

y_alml = beta["Y_0"]+data_aOmi1$X*betal["V_X"]+data_aOmi$A*betal["Y_A"]+
data_aOmi1$M*beta["V_M"]

y_alml = betal["Y_0"]+data_almi$X*beta["Y_X"]+data_almi$Axbetal["VY_A"]+
data_almi$M*betal["Y M"]

# NDE Comptation (G-Formula)
NDE = sum(((y_almO-y_aOm0)*p_m0a0 + (y_alml-y_aOml)*p_mla0))/nrow(data)

return (NDE)

## New Penalized Objective

eval_f <- function(beta, data, lambda){
nll <- neg_log_lik(beta, data)
penalty <- lambda*abs(compute_NDE(beta, data))
return(nll+penalty)

}

T S
# ABARBARAABARHAR AR R Simulating Unfair World Data HARBARBABARAAR AR HA LAY
# +++tttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttt

set.seed(74)

## Example for Direct Effect = 5
example_5 <- generate_data(n=1000, d_effect=5)
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## Simulated Dataset
data_5 <- example_5%$data

## Initial Estimates
beta_start_5 <- example_5$beta

## Unfair Outcome Distributions by Group
data_5_dist <- ggplot(data_5, aes(x=Y, fill=as.factor(A))) +
geom_density(alpha=0.7) +
geom_vline(xintercept=mean(data_b[data_5$A==0,]18Y), 1lty=2, color="red") +
geom_vline(xintercept=mean(data_5[data_5$A==1,18Y), 1ty=2, color="red") +
annotate("text", x=0.4, y=0.28,
label=round(mean(data_5[data_5$A==0,18Y), 2), color="black", size=4) +
annotate("text", x=7.8, y=0.28,
label=round(mean(data_5[data_5$A==1,]18Y), 2), color="black", size=4) +
labs(x="Y", fill="A") +
theme (plot.title=element_blank(),
axis.title.y=element_blank(),
axis.title.x=element_text(size=12),
axis.text.y=element_text(size=13),
axis.text.x=element_text(size=13),
legend.title=element_text(size=12),
legend.text=element_text(size=12),
legend.title.align=0.25) +
xlim(-5, 12)

## Discriminatory Effect Estimates

unfair_fitl <- Im(Y ~ X + A + M, data=data_b) # adjusted for covariates (~ 4.98)
summary (unfair_fitl)

coef (unfair_fit1) ["A"]

unfair_fit2 <- 1m(Y ~ A, data=data_5) # unadjusting for covariates (~ 5.69)
summary (unfair_fit2)

coef (unfair_fit2) ["A"]

B e e o o

# HARHRRHHBRRRRHAAAA Optimizing for Changing Lambda HAHHHHAHAHHHHHBHARAH
# FHttttttt bttt ttttt bttt ottt bbbttt ttttt ottt bbbttt bttt tttttttttttttttttttttttttttt

set.seed(74)

## Changing Lambda
lambda_sols <- function(beta_start, data){
lambda_vals <- seq(0, 1500, 10)
results <- data.frame(nde=rep(0, length(lambda_vals)),
neg_log_lik=rep (0, length(lambda_wvals)),
lambda=lambda_vals)
for (¢ in 1:length(lambda_vals)){
res <- nloptr(zO=beta_start,
eval_f=eval_f,
opts=list("algorithm"="NLOPT_LN_COBYLA",
"ztol_rel"=1.0e-8,
"mazeval "=10000) ,

RO R R OB W OO R R W™ W W
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# data=data,

# lambda=lambda_vals[i])

# results$nde[i] <- compute_NDE(res$solution, data)

# results$neg_log lik[i] <- neg_log_lik(res$solution, data)
# 7

# return(results)

# }

#

# ## Results for Changing Lambda
# lambda_results_5 <- lambda_sols(beta_start_5, data_5)

# +ttttttttttt bttt bttt tttttttttttttttttttttttttttttttttttttttttttttttttttttttt

R Visualization for Lambda B
B e

## NLL vs. Lambda
results_5_plotl <- ggplot(lambda_results_5) +
geom_line(aes(x=lambda, y=neg_log_lik), color="purple") +
geom_vline(xintercept=1090, color="red", 1lty=2) +
annotate("text", x=990, y=12250,
label=scales: : comma (round(
lambda_results_5[lambda_results_5$lambda==1090,]$neg_log_lik, 2)),
color="black", size=4) +
labs(title="A) Negative Log-Likelihood vs. Lambda",
x=TeX(r" ($\lambda$) "),
y="Negative Log-Likelihood") +
scale_y_continuous(labels=label_number(scale=1/1000, suffix="k")) +
theme (axis.text.y=element_text(size=15),
axis.text.x=element_text(size=14),
axis.title.x=element_text(size=13),
axis.title.y=element_text(size=13))

## NDE vs. Lambda
results_5_plot2 <- ggplot(lambda_results_5) +
geom_line(aes(x=lambda, y=nde), color="deepskyblue") +
geom_vline(xintercept=1090, color="red", 1lty=2) +
annotate("text", x=980, y=0.05,
label=format (round (lambda_results_5[lambda_results_5$lambda==1090,]$nde, 4),
scientific=FALSE),
color="black", size=4) +
labs(title="B) NDE vs. Lambda",
x=TeX(r" ($\lambda$) "),
y="Natural Direct Effect") +
theme (axis.text.y=element_text(size=17),
axis.text.x=element_text(size=14),
axis.title.x=element_text(size=13),
axis.title.y=element_text(size=13))

## NLL vs. NDE

results_5_plot3 <- ggplot(lambda_results_5) +
geom_line(aes(x=nde, y=neg_log_lik), color="black") +
geom_hline(yintercept=lambda_results_5[lambda_results_5$lambda==1090,]$neg_log_lik,

25



color="red", 1lty=2) +
annotate("text", x=0.15, y=12350,
label=TeX(r" ($\lambda$)"), color="red", size=4) +
annotate("text", x=0.41, y=12350,
label="=1,090", color="red", size=4) +
labs(title="C) Negative Log-Likelihood vs. NDE",
x="Natural Direct Effect",
y="Negative Log-Likelihood") +
scale_y_continuous(labels=label_number(scale=1/1000, suffix="k")) +
theme (axis.text.y=element_text(size=15),
axis.text.x=element_text(size=14),
axis.title.x=element_text(size=13),
axis.title.y=element_text(size=13))

e e  a a

# HAHAHAARBRHBRARARAAAA Optimization for Optimal Lambda  #HHHH##A#A#A##H#AHHHA#AH
B o o

set.seed(74)

## Optimization with Lambda=1090
opt_res_5 <- nloptr(x0O=beta_start_5,
eval_f=eval_f,
opts=list("algorithm"="NLOPT_LN_COBYLA",
"xtol_rel"=1.0e-8,
"maxeval"=10000),
data=data_b,
lambda=1090)

## Optimal Parameters
beta_opt_5 <- opt_res_b$solution
names (beta_opt_5) = c("A_0", "A_X",
IIM_OII , IIM_XII s IIM_AII ,
IIY_OII , ”Y_Xll s IIY_AII , IIY_M")

## Optimal Negative Log-Likelihood
NLL_start <- neg_log_lik(beta_start_5, data_5) # inttial NLL: 9,520.069
NLL_opt <- neg_log_lik(beta_opt_5, data_5) # optimal NLL: 12,229.52

## Optimal NDE
NDE_start <- compute_NDE(beta_start_5, data_5) # initial NDE: 5
NDE_opt <- compute_NDE(beta_opt_5, data_5) # optimal NDE: 0.0006

# same as:
lambda_results_5[lambda_results_5$lambda==0,]$neg_log_lik
lambda_results_5[lambda_results_5%lambda==1090,]$neg_log_lik
lambda_results_b[lambda_results_b$lambda==0, ] $nde
lambda_results_5[lambda_results_5$lambda==1090, ] $nde

tt bttt bttt bttt bttt tttttttttttttttttttttttttttttttttttttttttttttttttttttttttt

HARRAHBAHHARHAR AR R AR Sampling from Fatir World RARBAHHARHABARBARAARH
t+ttttt bttt bttt bttt ttttttttttttttttttttttttttttttttttttttttttttttttttttttttttt

H WO OH W W R R
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set.seed(74)

## Generating Fair Data
generate_fair_data <- function(n, beta_opt){

beta <- as.vector(beta_opt)

X <- data_5$X
#X <- rep(0, n)

# P(AIX)

b_0 = betal1]

b_x = betal[2]

p_Al <- exp(b_0 + b_x*X)/(1 + exp(b_0 + b_x*X))
A <- rbinom(n, size=1, prob=p_A1l)

# P(M/A,X)

c_0 = betal3]

c_x = betal[4]

c_a = betal[b] # indirect effect

p_M1 <- exp(c_0 + c_x*X + c_a*xA)/(1 + exp(c_0 + c_x*X + c_axA))
M <- rbinom(n, size=1, prob=p_M1)

# P(Y[A,M,X)

d_0 = betal6]

d_x = betal7]

d_a = betal8] # direct discrimination effect
d_m = betal9]

eps <- rnorm(un, 0, 1)

Y <- d 0 + d_x*X + d_a*A + d_m*M + eps

# Data
dat = data.frame(1l, X, A, M, Y)
colnames(dat) = c("(Intercept)", "X", "A", "M", "Y")

return(dat)

## Simulated Dataset
fair_data_5 <- generate_fair_data(n=1000, beta_opt=beta_opt_5)

B e

# HHBARARRRIH Fair Prediction Distributions by Group (Plots) HUBBBHRHAHHH
# Htttttttttttttttttttttttttttttttt ottt bttt bttt bttt bttt bttt

# Y _hat
fair_data_5_dist <- ggplot(fair_data_5, aes(x=Y, fill=as.factor(d))) +
geom_density(alpha=0.7) +
geom_vline(xintercept=mean(fair_data_5[fair_data_5$A==0,]18Y),
1ty=2, color="red") +
geom_vline(xintercept=mean(fair_data_b5[fair_data_5$A==1,]18Y),
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2, "red") +

annotate("text", 3.2, 0.28,
round (mean (fair_data_5[fair_data_5$A==0,1%Y), 2),
"black", 4) +
annotate("text", 6.1, 0.28,
round (mean(fair_data_5[fair_data_5$A==1,1%Y), 2),
"black", 4) +
labs (x=TeX(r" ($\hat{Y}$)"), TAM) +
theme ( element_blank(),
element_blank(),
element_text( 12),
element_text( 13),
element_text ( 13),
element_text ( 12),
element_text ( 12),
0.25) +
x1im(-5, 12)

## Stratified Datasets wrt M and X

neg_X0 <- fair_data_b[fair_data_5%$X<0 & fair_data_5$M==0,]
pos_X0 <- fair_data_b5[fair_data_5%$X>=0 & fair_data_5%M==0,]
neg_X1 <- fair_data_b5[fair_data_5%$X<0 & fair_data_5$M==1,]
pos_X1 <- fair_data_5[fair_data_5%$X>=0 & fair_data_53%M==1,]

# Y hat | M=0, X<O

neg_X0_dist <- ggplot(neg_X0, aes(x=Y, as.factor(A))) +
geom_density( 0.7) +
geom_vline( mean (neg_X0[neg_X0$A==0,]1$Y),
2, "red") +
geom_vline( mean (neg_XO0[neg_X0$A==1,]18Y),
2, "red") +
labs (x=TeX(r" ($\hat{Y}|\hat{M}=0, X<0$)"), AM) +
theme ( element_blank(),
element_blank(),
element_text ( 12),
element_text ( 13),
element_text( 13),
element_text ( 12),
element_text ( 12),
0.25) +

x1lim(-5, 12) +
scale_fill_brewer( "Accent", -1)

# Y_hat | M=0, X>=0

pos_X0_dist <- ggplot(pos_X0, aes(x=Y, as.factor(A))) +
geom_density( 0.7) +
geom_vline( mean (pos_X0 [pos_X0$A==0,]1$Y),
2, "red") +
geom_vline( mean (pos_X0[pos_X0$A==1,18Y),
2, "red") +
labs (x=TeX(r" ($\hat{Y}|\hat{M}=0, X\geq 0$)"), "A") +
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theme (plot.title=element_blank(),
axis.title.y=element_blank(),
axis.title.x=element_text(size=12),
axis.text.y=element_text(size=13),
axis.text.x=element_text(size=13),
legend.title=element_text(size=12),
legend.text=element_text(size=12),
legend.title.align=0.25) +

xlim(-5, 12) +

scale_fill_brewer(palette="Accent", direction=-1)

# Y hat | M=1, X<O
neg_X1_dist <- ggplot(neg_X1, aes(x=Y, fill=as.factor(d))) +
geom_density(alpha=0.7) +
geom_vline(xintercept=mean(neg_X1[neg_ X1$A==0,]18Y),
1ty=2, color="red") +
geom_vline(xintercept=mean(neg_X1[neg_X1$A==1,18Y),
1lty=2, color="red") +
labs (x=TeX(r" ($\hat{Y}|\hat{M}=1, X<0$)"), fill="A") +
theme(plot.title=element_blank(),
axis.title.y=element_blank(),
axis.title.x=element_text(size=12),
axis.text.y=element_text(size=13),
axis.text.x=element_text(size=13),
legend.title=element_text(size=12),
legend.text=element_text(size=12),
legend.title.align=0.25) +
x1im(-5, 12) +
scale_fill brewer(palette="Accent", direction=-1)

# Y _hat | M=1, X>=0
pos_X1_dist <- ggplot(pos_X1, aes(x=Y, fill=as.factor(A))) +
geom_density(alpha=0.7) +
geom_vline(xintercept=mean(pos_X1[pos_X1$A==0,1$Y),
1lty=2, color="red") +
geom_vline(xintercept=mean(pos_X1[pos_X1$A==1,]18Y),
1ty=2, color="red") +
labs (x=TeX(r" ($\hat{Y}|\hat{M}=1, X\geq 0$)"), fill="A") +
theme (plot.title=element_blank(),
axis.title.y=element_blank(),
axis.title.x=element_text(size=12),
axis.text.y=element_text(size=13),
axis.text.x=element_text(size=13),
legend.title=element_text(size=12),
legend.text=element_text(size=12),
legend.title.align=0.25) +
xlim(-5, 12) +
scale_fill_brewer(palette="Accent", direction=-1)

fair_data_b_dist
neg_X0_dist
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pos_X0_dist
neg_X1_dist
pos_X1_dist

## Differences in Stratified Expected Prediction Values

mean (neg_XO0[neg_X0$A==1,]$Y) -mean(neg_XO0[neg_X0$A==0,]1$Y)
mean (pos_X0 [pos_X0$A==1,]$Y) -mean (pos_XO0 [pos_X0$A==0,]1$Y)
mean (neg_X1[neg_X1$A==1,]1$Y) -mean(neg_X1[neg_X1$A==0,]13Y)
mean (pos_X1[pos_X1$A==1,]1$Y)-mean(pos_X1[pos_X1$A==0,]13Y)

# E[Y_hat[A=1,M,X] ~ 4.58

mean (c (mean(neg_XO0[neg_X0$A==1,]18Y),
mean (pos_XO0 [pos_X0$A==1,]$Y),
mean (neg_X1[neg_X1$A==1,1$Y),
mean (pos_X1[pos_X1$A==1,1$Y)))

# E[Y_hat[A=0,M,X] ~ 4.39

mean (c (mean(neg_XO0[neg_X0$A==0,]18Y),
mean (pos_X0 [pos_X0$A==0,]18Y),
mean (neg_X1[neg_X1$A==0,]18Y),
mean (pos_X1[pos_X1$4==0,]1$Y)))

## Discriminatory Effect Estimates

fair_fitl <- Im(Y ~ X + A + M, fair_data_b) # adjusted for covariates (~ )
summary (fair_fit1)

coef (fair_fit1) ["A"]

fair_fit2 <- 1m(Y ~ A, fair_data_5) # unadjusting for covariates (~ )
summary (fair_£it2)

coef (fair_fit2) ["A"]

30



	I. Introduction
	II. Background
	III. Causality
	IV. Path-Specific Effects
	V. Methodology
	VI. Application to Direct Discrimination with Simulated Data

	VII. Extensions
	VIII. Limitations & Considerations
	IX. Conclusion
	References
	Code Appendix


